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Outline

= Probability and Conditional Probability

= Random Variables and Random Vectors

= Jointly Distributed Random Vectors and Conditional Expectation
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aboMysical world
a D bolo 1)

Ahort iy ro WT)‘IA e W”j Y Y,
= Formalism: Probability Space (Q, F, P)

= () : sampling space: a set of all possible outcomes (maybe infinite)

= F : event space: collection of events of interest (event is a subset of
Q)

—
= P: F - [0,1] probability measure: assign event in F to a real
number between 0 and 1

13_ toss & Lo ﬂZED/H J F:i%, [fvzlS, [Soll_,fzﬂ
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oWy U CMQM(‘?

Axioms of probability: preb ({23 )20y
“ P(4) =0 P03} ot
fP(Q) =1 ég >5e b (i, 2510
ANB=0=P@AUB) =PA+PBY Y —pibfl el tpiyy)
= Important consequences: - 2 b —
" P(0)=0 Y Pl 5 LU 9= 1= pid p) =) = vipeo

= Law of total probability: P(B) =)'P(BNA4;), for any
\/ partitions {4;} of Q
T

e " Recall a collection of sets 44, ..., 4, is called a partition of Q if
g ot = AN A; =@, foralli+#j (mutually exclusive)
u A]_UAz"‘UAn = ()

prob( gy= Pgnantp ¢ y )
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(rdibimel kel i \WL,JO;MU I/ with
oW ymloab.‘(:‘y Y

//(,

'Conditional probability

= Probability of event A happens given that event B has already
occurred L ol szﬁ/h\aﬁ neasmy

= We assume P(B) > 0 in the above definition

= What does it mean?
» Conditional probability is a probability: (Q, F, P)
» “Conditional” means, (Q,F,P) the is derived from an original
probability space ({), F, P) given some event has occurred

= After B occurred we are uncertain only about the outcomes inside B
’ Stprt with (ﬁ , 95 ))) 0”{7;”“’[ /’Yi’bééi'/f? ,(7/#(_ A C 4j_ +oss a drt ,ﬂ:f/s 65 o
'47)6;2;/) KNS

79 & evint ]’Mﬁ occured = New drobahilbey s "o (\’) > N)
2 et Pt e (A, Fo P pe)= o5 )

_/’)V) =B , o allthe Pos;;é/@ outcomes any in 3

_ j:L: all SnéJEfK’UL@ (?? A:f&@g}_ /\?(?Q/) /n{—ﬂ/( /iﬂ,@f%v
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M wont_to be omsistnt Ut fhe gl foe5 suppor O o <

= Bayes rule: relate P(4 | B) to P(BIA) = CEF | Pyt

- _PBIAPA\ | prol p) v
Pe)

2 c=p, fis)=pei) =

b= <
=B s)= [7(5)4)'\7(’@ < Ore pass ble MF)Z(:;( n}/mz:fm
q%
Pla®)= KQP%’;@ s Bloye o)
= Events A and B are called (statistically) independent if /iafi
H Shaig) = p(a) 4 Al
Y Tf c&R CNB 2ep

= Or equivalently: P(AN B) = P(A)P(B)

/

P(CM&)‘: ME} = ﬁ :v P (MOR>= P Lbﬁ}](ﬁ)
pL-18) P

J

PLAOR)
N PIARY= = P(A)
'y
(/@//\ & prcas) |
/
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= Example of conditional probability: A bowl contains 10 chips of
equal size: 5 red, 3 white, and 2 blue. We draw a chip at random and
define the event:

A = the draw of a red or a blue chip
Suppose you are told the chip drawn is not blue, what is the new probability of A

(Top) e e L= (1w g, b

A=tv, e, by, ) P= 1N = X, Wy WA
[
Y(AAR) >
(A8 = | ~4 . 5
P Al ris) B 2 TR
2(ANR)= —
peen= L e A
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Outline

= Probability and Conditional Probability

= Random Variables and Random Vectors

= Jointly Distributed Random Vectors and Conditional Expectation
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= What is random variable and random vector?
= Deterministic variable:
: zua‘ 2 iy o deeminitc versble s men 2 con take
vh/j e valne [577)6—\/A/m0{ orablt) | Lk Wj
Y ey It be kpown
= Random variable:
; gj\ 7 TS randim mmvé/e (/m [t Vedpey YWWM/{ )

on v mmlfl\j))é (pr 2/en [\47474'-1‘() /)05,5'.41( \/ﬂ/Wj/ @a,ah

\/almé oIS with  cerdpin \M‘O&b"w’y.

g 2= [0 = ([0 ()]
j I | [ %
o 3T
N ~)|7”(j"
0 \ >Z
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How to specify probability measure

= Discrete random variable: probability mass function (pmf)

e.g. toss a@or die JL=90L NS })(4,) ~/}Jy)oL/)(—: 7))

L/L:bévllB ?:5&1/;54&5 ”fﬂ
=0
¢ WM S
/)70):0»(4 A jﬁ [(/L\.),, 1:26;%7“) i
Aefle sy - N

= Continuous random variable: probability density function (pdf)

e.g. temperature density
>< GIR . ﬂ/:lK \70{/j : ’ch(ex) -~ - \)ro\a "’ ,,J_L XQO(

Nl Fe .
@ VAR g e )
T VIRY= § A eods

A XA

—_— A"
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How to specify probability measure

» Random vector: scalar random variables listed according to certain order

—Xl_ Xl \(D‘VWLUW\ \/&V\«KWIOL( N ”Qn
X
= n-dimensional random vector: X = | >< clr™
: [
Xn. [q’ ] Y“/ X

* Notation: We typically use capital to denote random variables (vectors)
and lower case letter to denote specific values the random variable takes

X,

e [ %]

= density function: " o
-

S bt head potatim e 0, %, - %)

TxO X b M=

= probability evaluation: P(X € 4) = [ f (x)& J“fbo} Ao~
Sl

A

e dim ARG,
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Expectation of a random vector X € R™:
Continuous random vector: E(X) = [ rn Xf (x)dx

- Wr\dom vector: E(X) = ¥, x - Prob(X = x)
/ [N

shm
) 1) by g .
clR” SCaldn (x,)

BN
E@Q*«j [{&ﬂ At Ay, _

— (=)

55 a fonrw) Ay

[
Expectationf(EX) =

= Examples: Let X € R* be discrete random variable with
Prob (X = [(1) D = 1,Pr0b (X = B D = 1, Prob (X = l_ll D L Compute E(X)

T2 3 “ 6

0] | ( ( DO
)= - 4 L ~1 b —_—
EQX EIJZ [1JZ +[1]Z —\[E‘E NOOREE 3-‘ Jg
> R Eamena petnt X0 1
8 L
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Linearity of Expectation:

= Expectation of AX with deterministic constant A € R"™*™ matrix:
E(AX) = AE(X)
\/Lu/}lg (r)

E(AX): &b\o(\*&b@ ol = /éy ngF)[X(XWtX ~ A@@C)
= More generally, E(AX + BY) = AE(X) + BE(Y)

0.5

= Example: Suppose X € R%,Y € R?, with E(X) = 0,95

,» E(Y) =

0.1

0.2‘,
1 1 1 0 O "

A= [0 1])3: [0 0 1],Compu’ceE X+ B )t/gyyﬁ @E(U

=[5 n ;ZJJ[;‘]

O‘J

]!

fa. ‘zS‘
-
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Outline

= Probability and Conditional Probability

= Random Variables and Random Vectors

= Jointly Distributed Random Vectors and Conditional Expectation
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c [RT\-HM

Jointly distributed random vectors: X € RYY € R Z{ TJ

= Completely determined by joint density (mass) function: N At
K Y) ~ fry(0y) = bk o5 Ny, 1oy
oS XA Y
Compute probability:

P(CeDER) = §p Teoay
* marginal density: X ~ fx(x),Y ~ fy(y), where
fx(x) = mefXY(x; y)dy, fr(y) = fRanY(x» y)dx,

& > (?W >
all pssible Y 2

= Example: x = lle  Prob (X — [(1) D =2, Prob <X - B D =, Prob (X — [_11 D =1

= This is joint distribution for X, X,

WWVVBM“/L ”/gs XL‘. \(1’3 [ 2.

Pralhy = 0
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= The conditional density: (X,Y) ~ fxy(x,y)

= Quantify how the observation of a value of Y, Y = y, affects your
belief about the density of X

= The conditional probability definition implies (nontrivi
P(A | B)=P(AnB)/P(B) = pxy(X = ilY =) =

_ fxv(x,y) U phley
e y) =72 g ")

= Taw of total probability: P(4) = X, P(AN B;) = X, P(A|B;)P(B;)

x(x) = | fxy&IYfy()dy PO = = =Y =3y

Rm

fry) = fY|X(y|x)fX(x)dx
Rn

.y ? P(\(:ch—:jy.
’ ? )

= X is independent of Y, denoted by X 17,
if and only if fxy(x,y) = fx(X) fy(y)

ﬂ\TGX{U = f\[ (> <f—3 '-Sw = ’&(‘3) :) ”%r(W»j):—fX(?(yﬁ[{b])é

Yy
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A
= Conditional expectation:

= The conditional mean of/ is

EX|Y =y) =
R

S GWJX Hotvon

anxw(ny)dx

EX|Y =vy) =2i-Prob(X= iy =vy)

i

X
= Example 1: i : 4 5 6
" EXIY=1)= 2 2 +2 g+ ¥ YRV R
X\T:\ 2 3 :3’!—’ y 2 1/6 112 1712
3 1/12 1/24 1/24

(P
b= | T 7% 7

" EXIY=2)= 24 tq g 45 ’g
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7 oW
= Example 2: Suppose that (X,Y ) is uniformly distributed on the square S =
{(x,y): =6 <x < 6,—6 <y <6LFINdE(Y|X = x).

al —ﬁq(mo): {‘/’k\é? ; YeS

o othervse

; We veed o (ompe E(T(Y’—fx? = 5‘:) ’_ﬁ/z}((}j)@ﬂw

Sl = DD fyt0= 5 onyly 2fo. et

(
| T e ff B4y aepsn)
f CU\?Q: j:(F_;(P— = f e G o
\ﬂX = [ f € - f'(lk Yéﬁé,/]
0 othorwse ° / Lhenrit
g(\/} \(’:OC) = Sr‘oo U/gﬂx(b)¥> K‘a — D
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200 = e( <

& tweny pperey.

WM

ohscrede case )ET
EX) = 2 ’@‘f&:«‘) = = v (’2’_ POXEA, \(J )>
" 4 3
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X

= Continue Example 1:
2 3 4 5 6

. fow]m{ £(x) 1| s 18 1s8
y 2 1/6 112 1/12
Webhod 40 by d@wﬁmtm A4 Bl 3 112 1724 1/24

5(’2 S o4 ¢
R =) <(y)- 9.t l |
Mﬂq O ) E(Oc vt 3g

P
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= Example 3.: outcomes with equal chance: (2%{), (2,1), (}@)l
(/14'/1)/ (0,0), with g(X,Y) = X2y? j@mﬂ £l )

Method 1: E(g(X,Y)) = E(X2Y2) = 12 - (=1)2 - —+12 12242212 2 @

Method 2: conditioning on values of Y = —1,0, 1
e gty E(XTY) = ~(E<><1 r HD
= k) W@Mw

~ b (0BGt 721
( 07D
B ‘ \’\’“_\’\¢~«,/*\_ +‘2/ ( > W&L(>¢_ 7:1)

- g } X

0 1 2
=L 0 1/6 0
1/6 1/6 1/6

h

(¥
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= More discussions

Wei Zhang

CLEAR Lab @ SUSTech

22



	Slide 1: SDM5008 Advanced Control for Robotics   Lecture Note 9: Probability Review for Reinforcement Learning
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22

