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Spatial Force (Wrench)

® Consider a rigid body with many forces on it and fix an arbitrary point O in

space

The net effect of these forces can be expressed as
- A force f, acting along a line passing through O

T=34
- A moment no about point O
— e .
No = % on: X ’fm el : o puns
® Spatial Force (Wrench): is given by the 6D vector = v,4-lw<°_f
¢ wyench
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Spatial Force in Plicker Coordinate Systems

® Given a frame {A}, the Pliicker coordinate of a spatial force F is given by

nventon @ Chovse me ("
—glm orty Ax AnoA
B Veforenc (g —for oment Af

AF = @ where 4X% = X, T
ol peg

Trome 38}, §8y wrth Aﬁ‘@&»"}.)
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® Coordinate transform:

- ®




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































£ oJ= - ()
.L;./ goon= £V =<, s

® Recall that for a point mass with linear velocity v and linear force f. Then we
know that the power (instantaneous work done by f) is given by f-v = fTv

Wrench-Twist Pair and Power

® This relation can be generalized to spatial force (i.e. wrench) and spatial
velocity (i.e. twist)

® Suppose a rigid body has a twist 4V = (“w,*v,,) and a wrench
AF = (*n,,,* f) acts on the body. Then the power is simply

= F =Ty L

Scalor power 7

= hw g A"‘AT%D
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Joint Torque

® Consider a link attached to a 1-dof joint (e.g. revolute or prismatic). Let S
be the screw axis of the joint. The velocity of the link induced by joint

motion is given by:V = S6 /f i V= ,f‘,g

/,

® F be the wrench provided by the joint. Then the power produced by the
joint is <& /\1
P=VTF= gST )9A ) SF-F%
Seadpr et

o 1 =8TF=FTSis the projection of the wrench onto the screw axis, i.e. the
effective part of the wrench.

® Often times, 7 is referred to as joint "torque” or generalized force
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Rotational Inertia (1/2)

® Recall momentum for point mass:

Viaear  wotion ' rotationa  motion

—  ~— —

-WU"«H’}- VT, a=v=y ey w= 06 , vewar

j‘-pt((,'- ff:M&L ZMy = my moment ”L"Y\X]L

l:l\eﬁ"r : \—: mv A”L‘)’M(M momg;ﬁ'hm
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Zrx(mv)

= rx(mwxy)
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- : ok yvserd be
Rotational Inertia (2/2) €% risid kel

® Rotational Inertia: I = [, p(r)[r][r]"dr
- p(+) is the density function of the body

- I depends on coordinate system
- . —> ,_') T
Te= =milcer) (TR)

- It is a constant matrix if the origin coincides with CoM

whet JL’S’*{“ Center 0F Mass
c20m & ‘Wjﬂhrokr r,:,f_:ﬂ-zmw;

[—If fis Gom, Hen Soswi({Rd=o0 - .--
S =nlR) =0 o smi(4d]=0 'uﬂ
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Spatial Momentum fuxh belG

® Consider a(-rigid bodyl’with spatial velocity Vo = (w,ve) expressed at the
center of mass C'& (olehvatim Lelaw wns u? when (= [',M)

- Linear momentum: mlpd"
= mﬁ/ éve@crbjleM‘ T LEsmivie S (vt wxdl)

i
TEM A Zmg é?x(-w')

= mvc_'('@M( wy*

9 (\etause C °¢

- Angular momentum about CoM:+c:fc w
+C_3_ '% c? X ve) = ? c—a x(m;vwm-un cr-)
- Angular momentum about a point O: (Z(Cf‘ IX e %*‘

Com )
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3 . . - (?m; 7\']>V¢ +F o
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_5
yeterence 71»[4/# (#u:‘+(_+OGX L\ ot
\\:[!PC \[/ \_’_/ft—jdrifd:i(‘ h=m@h I

L Yoo~
tf,avc 4 kw X c
g o o A

\ mass: m

rotational
0C=c inertia: Ic
o

Spatial Momentum Advanced Control for Robotics Wei Zhang (SUSTech) 11 /16



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Change Reference Frame for Momentum
® Spatial momentum transforms in the same way as spatial forces:

‘h =Xt h
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Spatial Inertia

® |nertia of a rigid body defines linear relationship between velocity and
momentum.

® Spacial inertia 7 is the one such that
h=1V
® |et {C} be a frame whose origin coincide with CoM. Then

[ 4]

0 mfg
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Spatial Inertia
® Spatial inertia wrt another frame {A}:

AT = AXETCX,

® Special case: “R¢ = I3
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