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Velocity Kinematics
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® Velocity Kinematics: How does the velocity of {b} relate to the joint
velocities 01,...,0,

® This depends on how to represent {b}'s velocity

- Twist representation — Geometric Jacobian
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- Local coordinate of SE(3) — Analytic Jacobian K Goomei'<
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Simple lllustration Example: Geometric Jacobian (1/2)
[ Gon(l Vb(9|,gz,l§|,9—1> |
- Cowomtk-—fru

. _J_" k| —S-n:m+ 2
-Screw  axs ', <’\ <L (80
— g‘ro(‘ﬁb\.( VE(.NT-aj .j. eq.c,l,\ L./\,k CWL\W( L9-| . 8,3 " T ngm.

Yiko: Y,=oe® » W= S, 6

Uk 2 Vo= 'VL').ﬁ.l t Yaro = gz[%)'(éy, 1 G 6

VLyio Geometric Jaclian
,_/_,v\
@\’”ﬂ-\,‘ -VL, = VLL = S]Q + S (9() e‘b [§\ ' %tel)] Bl
———
br by
Talo): A ol of Gemetnic S (i) { Tuw)) s‘.“)
Tlcvbmh o
Geometric Jacobian Advanced Control for Robotics Wei Zhang (SUSTech) 5/16























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Simple lllustration Example: Geometric Jacobian (2/2)

|

Ti06) twist of Lod,j tb) whey éﬁ=l, ) Qjao’ s

- Cwn];u-tmﬁon Dolets wole wibh §5Y Sy = K (e=0) = <\ z[

p§ ~ 5 ‘I[\‘{&ﬁe o < o
V=S = S (6) = [M%m) S

°9 s

e

ogz[e')
' LQ;l\‘ @,";0 ’ Dgl(o): o§), :(j

— 00

l
S p

' (9'(_4;01

p¥ b
o'j‘(e\ = [ °< ‘:Ari ﬁel)] o§_b]

Geometric Jacobian Advanced Control for Robotics Wei Zhang (SUSTech) 6 /16



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Geometric Jacobian: General Case (1/3)

® Let V = (w,v) be the end-effector twist (coordinate-free notation), we aim to
find J(0) such that

V =J(0)0 = J1(0)0, + - + Jn(0)0,
SR CINIONEEIRS AN 7

EN
® The ith column J;(0) is the end-effector velocity when the robot s rotating
about S; at unit speed 6; = 1 while all other joints do not move (i.e. §; =0

for j #1).

® Therefore, in coordinate free notation, J; is just the screw axis of joint i:

Ji(0) = Si(0)
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Geometric Jacobian: General Case (2/3)

® The actual coordinate of S; depends on 6 as well as the reference frame.

® The simplest way to write Jacobian is to use local coordinate:

1(]1‘:151‘, 221,...,71

/\/\.—r
=[Tw - Tl
® In fixed frame {0}, we have TN )
(omumen (
OJZ' 0 :OXi 0 iSi, 1= 1, B VL\S‘W“« 1
0) =%,0)'s FC

Recall: °X; is the change of coordinate matrix for spatial velocities.

Assume 0 = (61,...,0,), then

T;(0) = eSS0 lSI0n = 0x(0) = [Ador )] (2)
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Geometric Jacobian: General Case (3/3)

® The Jacobian formula (1) with (2) is conceptually simple, but can be
cumbersome for calculation. We now derive aJrecursive Jacobian formula

® Note: °J;(0) =°S;(0)
- Fori=1, %;(0) =°S1(0) =°S; (independent of 0)

- For i =2, %5(0) =°51(61) = [AdT(gl) 0S5, where T'(6:) é ) th']‘(
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- For general 7, we have
g ' bxb
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Geometric Jacobian Example
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. . A%
Analytic Jacobian —&“,[5] 4(,[;,] % f Mg
® Let z € RP be the task space variable of interest with desired reference x4
- E.g.: @ can be Cartesian + Euler angle of end-effector frame
S sphorce < 20z, 2[X. (o8 7))
- p < 6 is allowed, which means a partial parameterization of SE(3), e.g. we only
care about the position or the orientation of the end-effector frame

= x=)(8)
e .
® Analytic Jacobian: @ = J,(0)¢. joist V‘[a"? ,*,_[ 05]_ o
T

® Recall Geometric Jacobian: V = [ L;J ] = J(0)8

® They are related by:

- E(z) can be e}ao(ly/found with given parameterization x
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Simple lllustration Example Analytic Jacobian (1/3)
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Simple Illustration Example: Analytic Jacobian (2/3)
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Simple Illustration Example: Analytic Jacobian (3/3)
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