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How to Solve Linear Differential Equations?

® Consider a scalar linear system: z(t) € R and a € R is a constant
2(t) = az(t), with initial condition z(0) = 29 -~ (1)
® The above ODE has a unique solution: 2= e,“*- 2,
check T, =lo)= 2 |

clncok Vector E(-ﬂ: OL~€A{:.2,,: He2(e)

wnin N¥m
® What about general linear systems? & = Az + Bu_

xelgh

welR™
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What is the "Euler's Number” e7?

® \What is the number “e"?
- lenaal, as -H\Q n\u.L{/r\ Stech ‘&k«'& Lei)(: @Y , Oj)l:{, ZX
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Complex Exponential

® For real variable x € R, Taylor series expansion for e” around x = 0:

oA = 2 z?  2?
:Zk_1+x++3'+a L
k=0 w (_ w (X
< 2= S
® This can be extended to complex variables: = haa(k’.(
i RSN
el P
prrd k! 21 3l

(et ?U‘g

This power series is well defined for all z € C

® In particular, we have e = 1+ j6 — & — j% + ...

® Comparing with Taylor expansions for cos(#) and sin(6) leads to the Euler's

Formula i ¢ S o
53 B Taylw erm\s'm D Sap=g- St - =

‘o Loob- - Ty =) s:. " A
N . X [~
e = CQAS(—BSMS- -a=> EWW ldp,r(-rﬁa [
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Matrix Exponential Definition

® Similar to the real and complex cases, we can define the so-called matrix

exponential v
> Ak A2 A3
e st NEN I+A+,+'+-B e (R™
ot ! 21 " 3l
LV 2]
_[eal ~-[o o0
Ad[me] , A ,,\,]
A _ 1
¢=T+a={4"]

V) @ P g) e [0 3

® This power series is well defined for any finite square matrlx A e R,

Mkhm sd’m expm
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Some Important Properties of Matrix Exponential

A

* N
o Aed =c4A Az'ﬁ;-— >Z%'A

ELRE VN
By oB
AL, s o
A,B _ LA+B : _ . 1- 70
o cdeB =¢ |fé1\BA:£1;1 A,L:rm.)\()\)\r,?
Hym !
o If A= PDP~, then e# = PeP P! by Mif A{ p £
a7 ‘ _ B
c}mi\mﬁ“n ransfomfien 25T = TR
1@t Vv \ P&E'A
® For every t,7 € R, eteAT = eAlt+T) -1 £PoF £ oy
> d
_p gt e OF

° (SA)*l —e A
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Autonomous Linear Systems  g-45e = zm:ete.

n
()(6:[&"7 o
x(t) = Az(t), with initial condition M (2)

® z(t) € R", A € R"*" is constant matrix, zo € R™ is given.
® With the definition of matrix exponential, we can show that the solution

to (2) is given by \x(t) e:‘(tggo K Fenction a»s- £ iR
ched 1. (Fmtinl DS gy =(c T, =Tt =

cll\e(-k ve b {'M

Ej: I_—é /_\‘(_/_:\
2
Jl\(ﬂ—)—_d(amda_o( T+A’c+A Af )(\[

:(A'F Tat 4 i ""Jj m, (at Ret r
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Computation of Matrix Exponential - p.[ 7+ At4 S +--D%-

Z,
° Dir%deﬁnition
® For Wable matrix:

e Using Padé\ap{oximation

0
>
(&)

\%m“ / by olefiart?
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Outline

rﬁl\’( stj MML”( as
" 016’55/’
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o Rotation Operation via Differential Equation
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Skew Symmetric Matrices

® Recall that cross product is a special linear transformation.

For any w € R"™, there is a matrix [w] € R™*™ such that w x p = [w]p

w1 0 —Ws w2
w=| wy | & w= w3 0 —w
w3 —W?2 w1 0
g\o(%) . YV’(?"H”'
Note that [w] = —[w]T « skew symmetric matn s
[w] is called a skew-symmetric matrix representation of the vector w
The set of skew-symmetric matrices in: so(n) = {S € R**": ST = —§}
(4l s-(3)
We are interested in case n = 2,3

Rotation Operation
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Rotation Operation via Differential Equation [

>

® Consider a point initially located at py at time t =0 / }f;)/@ :4/\)(9?

® Rotate the point with unit angular velocity @w. Assuming the rotation axis
passmg through the orlgln the motion is descrlbed by

plt) = & % p(t) =@1 ), with p(0) = po 3
'PH) ’_\Z\/ 9\_\,¢uv DDE— ((Y AX
f/(jjf% Z > Xlt)= e o,

@(‘(‘): é:h] t 7.

® This is a linear ODE with solution:rp(t) = el@ltp,

® After t = 0, the point has been rotated by 6 degree. Note p(6) :@po

—

R t(&,0) 2 el ]can be viewed as a rotation operator that rotates a point
Qbout @ through 6 degree

N Comlinate -{—yu;_
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Rotation Matrix as a Rotation Operator (1/3) RR>1
heorem -
K'/gery rotation matrix R can be written as ~R/:_l_%/@@)wﬁ) é@ i.e., it

represents a rotation oper&t}ign about @ by 6. Yo i a
. ¥ . ot
Fouk an) ety - e \,c(vjs £ S06) fottion Mk

Proef: Q@Js’)'T (em]o) =1 WH) m 1506, 1

® We have seen how to use o represent frame orientation and change of
coordinate between different frames. They are quite different from the
operator interpretation of R.

% ® To apply the rotation operation, all the vectors/matrices have to be
. expressed in the same reference frame (this is clear from Eq (3))
—_—
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Rotation Matrix as a Rotation Opera
10 0

5 c413
® For example, assume R=| 0 0 —1 [\=Rot(x;7/2)= ¢
01 0
—_—NT T ———

® Consider a relation ¢ = Rp:
- Change reference frame interpretation : Hwe fraves 185 18y, ome j”‘“ﬁ"lﬁ{

hat a
- R orientution '} 8y velative - JA) . 1e. R= ARB ¥
(Y:BD. , ‘t: AA_ «:R'P é’) "& = ARQ Ba
- Rotation operator interpretation: (
)
Howve ome ‘(YMM. ff\s’ ~fwo -’wiq,\-g 0 E‘i__—) ﬂ,/ ) ?;ﬁ' , 'L’AA,

A= R Mo
R i oFM‘fﬂY-
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Rotation Matrix as a Rotation Operator (3/3)

® Consider the frame operatioi: N oviontotio 3 A
- Change of reference frame:]—:i}_:\RRa

- MHove e —jmmz >Iaj‘act"

. o V"‘FWU‘((’ -fmm!s
Fome @Y - ovigrtatim 14 §o)

N {/‘\3 e A "V\'i'gs
- Rotating a frame: Ry = RRx
¢ fwe e abjer(-s

- one wr‘mhu frame {4

"Ry = R R
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Rotation Matrix Properties
° RTR:I é‘Ae](}nrH"l

L4 RleE 50(3), if R1, Ry € 50(3)

L v o
< pvfl.

Y
« R(v x w) = (Rv) x (Ruw) o prsemts o
<,y |

et (€
dre prESETVES st

*4|Rp — Rql| = |lp — 4|

e

mwy Wy R ()3)
(CJ] {: s "‘"l ) 6§0
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Rotation Operator in Different Frames (1/2)

® Consider two frames {A} and {B}, the actual numerical values of the
operator Rot(w, §) depend on both the reference frame to represent(c )and
the reference frame to represent the operator itself.

® Consider a rotation axis@ (coordinate free vector), with {A}-frame
coordinate 4w and {B}-frame coordinate 2&. We know

A0 ="RpBw
IJV\H\_

® Let PRot(?w, #) and “Rot(“w, #) be the two rotation matrices, representing
the same rotation operation Rot(w, 8) in frames {A} and {B}.
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Rotation Operator in Different Frames (2/2)
® We have the relation:

] RA: KAWQ-I
ARot (4@, 0) =* Rp"Rot(?Q,0)°R 4

o . A0 , we §A3
P— 7 RiE) - 5 ny el

-+ q_)tlh!!j
h s
bpponch 2 peatl  RA) =ROIRT ( *

i B pame ‘e by
A-frone bt )6 > :
prm & =€ . R Ko Rt

guotRa) 0 -
_ Pp, Qcmo *Rn

_ by, et Rh
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. 0% o RIS
Outline | sasfume  p@ioy  “Rw = BtRi0) "R ”

.w =C2)
C | - — K %ﬂsc 105 %

&J\—D » " frame

A
obot
H “ 4 * i & o
I} A3 "y g = (BT e Lt ane
v L3 ['nh”x'\ ’3?‘- 7 R
’fm - e AY3 'K"

= Re=R R
" Ryr="Rp R
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Rigid-Body Operation via Differential Equation (1/3)

® Recall: Every R € SO(3) can be viewed as the state transition matrix
associated with the rotation ODE(3). It maps the initial position to the
current position (after the rotation motion)

- p(f) = Rot(w, #)po viewed as a solution to p(t) = [@]p(t) with p(0) = po at
t=49.

- The above relation requires that the rotation axis passes through the origin.

® We can obtain similar ODE characterization for T' € SE(3), which will lead
to exponential coordinate of SE(3)
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Rigid-Body Operation via Differential Equation (2/3)

® Recall: Theorem (Chasles): Every rigid body motion can be realized by a
screw motion

® Consider a point p undergoes a screw motion with screw axis S and unit

speed (@ = 1). Let the corresponding twist be V = & = (w,v). The motion
can be described by the following ODE. /\/\‘E"i\

hoAS 3
'Yn/ 7 p(t) =wxp(t) +y = {pgﬁ)}[[o&] 8”][19(1”} (4)

‘.7(() = t ¢ v )
rp Wy "?/H v f)}'{{,): Pﬂl )] = /j%(ﬂ‘: [:');Hﬂ“«[ ]%{O
) o N

® Solution to (4) in homogeneous coordinate is: A P

[ )=
e Gy oo, s
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Rigid-Body Operation via Differential Equation (3/3)

® For any twist V = (w,v), let [V] be its matrix representation

® The above definition also applies to a screw axis S = (w, v)
e With this notation, the solution to (4) is p(t) = elS1*5(0)

. Fact:@e SE(3) is always a valid homogeneous transformation matrix.

® Fact: Any T € SE(3) can be written as T = ¢[°), i.e., it can be viewed as
an operator that moves a point/frame along the screw axis at unit speed for
time ¢
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se(3)
® Similar to so(3), we can define se(3):

se(3) = {([w],v) : [w] € s0(3),v € R}

v

® se(3) contains all matrix representation of twists or equivalently all twists.

® |n some references@is called a twist.

/;w f\/j

® Sometimes, we may abuse notation by writing V € se(3).
i
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Homogeneous Transformation as Rigid-Body Operator
® ODE for rigid motion under V = (w, v)

p=v+wxp = ﬁ(t) = [ [LS] 8 } p(t) = p(t) = e[v]tﬁ(o)

® Consider “unit velocity” ¥V = &, then time ¢ means degree

TJL Y is nekunit ged , =S & W=V

e ' =Tp: “rotate” p about screw aX|s S by 6 degree vtj""'u rf\mne
(s)9) N gy use Hhe =
7 yPvILE EF’S]?

. 7@ “rotate” {A}-frame about S by 6 degree

L
SMONITTEwS
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Rigid-Body Operator in Different Frames
® Expression of T" in another frame (other than {O}):

T “ T5'TTs
operation in {O} operation in {B}

"R o PR ) R,
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Outline

e Rigid-Body Operation of Screw Axis
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Rigid Operation on Screw Axis

® Consider an arbitrary screw axis S, suppose the axis has gone through a rigid
transformation T' = (R, p) and the resulting new screw axis is §’, then

Y screw axisis 5, then
S’ =[Adg]S | s werk with an ity £,

$ay rtgro{lj attaded +. gopp, s g

- bet $89 be e “&'n.ML obtained
C«l)}]\

proof:

S=(w, vy &> (5,h.9) 5 5, h.1") “

/JX%

’ T’ “r 53
ts39 ok s e el - (S Co
Not velation o

Y
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