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Outline

e Rigid Body Configuration

¢ Rigid Body Velocity (Twist)

e Geometric Aspect of Twist: Screw Motion
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Free Vector

® Free Vector: geometric quantity with length and direction

77 N

® Given a reference frame, 3 can be moved to a position such that the base of
the arrow is at the origin without changing the orientation. Then the vector v
can be represented by its coordinates v in the reference frame.

4 "

>
&

® v denotes the physical quantity while “v denote its coordinate wrt frame {A}.
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Point

® Point: p denotes a point in the physical space
® A point p can be represented by a vector from frame origin top
9 LAY a8
DA > : (Qe ) '-: (@F)
&2 "o O

“p denotes the coordinate of a“point p wrt frame {A} B (6?)
P

® When left-superscript is not present, it means the physical vector itself or the
coordinate of the vector for which the reference frame is clear from the
context.
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Cross Product

® Cross product or vector product of a € R?,b € R3 is defined as

a2b3 — (lgbg
axb= a3b1 — a1b3
albg — a2b1
Properties:

® llax ol = [lall{|b]| sin(6)

®*axb=-bxa

®*axa=0

Rigid Body Configuration Advanced Control for Robotics
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Skew symmetric representation

® |t can be directly verified from definition that a x b = [a]b, where

ﬁ T 0 —as a2
\= A [a] & | a3 0 -—-a 2)
A=~ /SfT —az ap 0
ai
*a=| ax | ¢ [q]
as
® [a] = —[a]T (called skew symmetric)

® [a][b] — [b][a] = [a x b] (Jacobi's identity)
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Rotation Matrix

® Frame: 3 coordinate vectors (unit length) &, 7, 2, and an origin
- %,¥,% mutually orthogonal . ,Q_"TQ‘ =9, g - /‘\{l\( 2=0
_ )}xyzi @' T:a‘n‘\' herol fq.le
® Rotation Matrix: specifies orieptation of one frame relative to another

gy
N % ..
ﬂg‘:
® A valid rotation matrix R satisfies: (i) RTR = I; (ii) d%@;l
et (9g,)

= RGT (M, '8 =

Wei Zhang (SUSTech)
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Special Orthogonal Group  $ol3),  sow
® Special Orthogonal Group: Space of Rotation Matrices in R™ is defined as
SO(n) ={ReR™": RTR =TI det(R) = 1}
gl A¢

® SO(n) is a group. We are primarily interested in SO(3) and SO(2), rotation
groups of R? and R?, respectively.

® Group is a set GG, together with an operation e, satisfying the following

group axioms: tlock prrthmetic
- Closure: a € G,be G =>aebc G oy e
- {éo,l)l,gl’ & S

- Associativity: (aeb)ec=ae(bec), Va,b,ce G 2 5 [ro+1: 2

- ldentity element: 3e € G such that eea = a, for all a € rel 2t1=0

- Inverse element: For each a € GG, thereis a b € G such that aeb=bea = e,
where e is the identity element.

SomeAry 5‘%‘“0(9 7,5 "éamme‘b/\"’.
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Use of Rotation Matrix (1/2)

® Representing an orientation *Rp (}l«lﬂb‘{f‘lﬁ -{rom o'f?:f-nH’m .

oHewtntim o 483 ve latie 4§43
® Changing the reference frame “Rp:

Gh/m V(c‘ﬁ!y\ V, i+s COUVDMVW‘{ N ﬁASa {*S% omng Asv ) BV
Ay —;AQ_E by Fﬂ% . ¢ porthingde —f‘ﬂL"

_ WC hat by one vector v AV’[:Z} y vert
E S %)

RS v Gt Gs ok Gy

- F' &“" @lga’(' ﬁ;é\{;
5 ahindinfic phiggoigh P
=) equess "Mm:" (A}
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Use of Rotation Matrix (2/2)
oS 4 oMt o g et g, 250 4 p Gy
[A&K /}6)‘\ Fﬁ"] F:L-X = [ Age ﬂ'gul [6()

o N\ Q}
> N

By ‘V

—

= {*?\s N

® Rotating a vector or a frame Rot(w, #): will be discussed in next lecture.
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Rigid Body Configuration (ese

® Given two coordinate frames {A} and,{B} the conflguratlon of B relative to
A is determined by < &

- ARB and AOB

P

® For a (free) vector r, its coordinates A7 and 2r are related by] (D‘)

AT =A& cr/

® For a point p, its coordinates “p and B)p are related bgy:
b —
= @”F> , '/f = @' j?) ]
7-(e7)
. = & 4 0’1
=) +o;)cyvess ( E @‘%) + (073/’

" + R

Rigid Body Configuration Advanced Control for Robotics Wei Zhang (SUSTech) 11 /31




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Homogeneous Transformation Matrix el
ljr,mf—t"’

® Homogeneous Transformation Matrix: 4T3

= ”Ds“ﬁ? 3 m:[’jks_ "%M‘ﬂ [ﬂfg‘@m{]

373 3x\

|

3,¢.| 3%l

Y~

e %3
e T o peeof \,j;e o

. 3
é]‘ivl.h " ']7’!.11‘\' 'I?ﬂ’(E / |+5 h""ynlﬂuj Mlnﬁ"‘e
i d’{-fm“( ag

- |
7 [T] e M = a, 5

Livtn & Wlcter \/6”{2 , its oo (‘mro(‘lﬂoM ' I\\;:[:1

\/,_(F,’T;, P ‘3\)’"5’;’{‘;] A’{}_—A.-rbe{/'
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Example of Homogeneous Transformation Matrix

Fixed frame {a}; end effector frame {b}, the camera
frame {c}, and the workpiece frame {d}. Suppose
Ipe — poll = 4 HL

. Camern © (ocatim® 1 MTC - "R :qfe) /[pgl) e

7

PR (N

a | 0 S
-T‘: '?oo ' A
09 -t 2

2]

»

3¢ Z

_,—\
OO _2
A

A

qTL =“T‘<Tb Q—E=['~ "ﬁ;. ‘“5 ‘0]
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Outline

e Rigid Body Velocity (Twist) §)7a+:u( n(u_;i:]
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Rigid Body Velocity (1/3)

® Consider a rigid body in motion. The body has infinitely many points {p;}
with different velocities {v,, } ) Jarancen Gommon 4o all s

W PT e g aey e

Q Ve = A(7., Peyometdr)
i/ : :

- All these velocities v, 's are not independent
moe -
- They can be expressed by the same set of parameter

- Rigid body velocity (i.e. spatial velocity, twist) is one such parameterization

Rigid Body Velocity (Twist) Advanced Control for Robotics Wei Zhang (SUSTech) 15 / 31































































































































































































































































































































































































































Text Box
.






















































































































Rigid Body Velocity (2/3)
® Pure rotation case

LS9

® General motion

2. P, asene o o rghatio a)cis/b»nb«{:‘om(_ -

. , |
= b = (#0+ FRO)= 1y +i‘“‘ =9(P:, 72)
l’mmz(l/ol u)/mﬁz
To ths G, -(’: e ftfhmc,; Peit  wt use axprees vel-c’ /‘uw
a'awr ’]"7“'5
z- WM i ""j 'p:"d_ NDT o yohatiom oxig

0"]. considor mb?f\rﬂa b-Ag—,f;,m( 1. wribh \/d-d*\j Vi,
- we shill howt the SAME expesion. (Vg =Y Lwx 37 | .-Q

Acsume Po o the rofutiom axis

’_—? — . ’ \/4;0
Ve wx P =)0 w) 1’/

—
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Rigid Body Velocity (3/3)

° WL:)'? Wt o as p Whtrmedinde varable

—
4 s HJ— fid ba@ D Vy = Vgt WX P, 3

-5
3 what ‘\T e veferuace Piat L:‘> Vp; 2 Vet W BF:

AT NOT )Mlj_—fiqw{
Cﬂ-j\ Y is i{_’@[\'unavg, or ML

i pnothey woy )

— —)
—-i) \/71“; Vt-— erai)* wx 9)047“

l (78 - 33~ 17 )
,—9

= ir(’W’”U’q‘

et QB e bedye fioed P

o ooy, oinadt vt v ¢ aqual 7 &
v he. qoer skdnct () mey 1T

‘>) >
M@ v, - WX feogite
- 'E] 9 ,];l = Vlt(.e)'(' X Q?)% )

A raf we dephe © VT2 iy A V= Ve o+ WXTR

Rigid Body Velocity (Twist) Advanced Control for Robotics Wei Zhang (SUSTech) 17 / 31















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Rigid Body Velocity: Spatial Velocity (Twist)

® How to represent a rigid body velocity?
- Pick an arbitrary point@(reference point), which may or may not be body-fixed

- Define v, as the velocity of the body-fixed point currently coincides with r

- For any body-fixed point p on the body: v, =v, +w x (7p) & ('":F:'{-'m“
T 10 .

® Spatial Velocity (Twist): V= (w,v;)

® Twist is a “physical” quantity (just like linear or angular velocity)
- It can be represented in any frame for any chosen reference point@
B>
® A rigid bodMith V, = (w,v,) can be “thought of” as translating at v, while
rotating with angular velocity w about an axis passing through r

- This is just one way to _interpret the motion. \/1'_0‘/ @)

S
4
Y
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Spatial Velocity Representation in a Reference Frame

® Given frame {A} and a spatial velocity V p][ /9:0‘(7 B
w

———

Th={ %, ) QR ﬁ >

convtrtion
® Choose 04 (the origin of {A}) as the reference point to represent the rigid

body velocity
A
A
Y%

AVGA:(vaAUoA)
e e e

® Coordinates of V in {A}:

® By default, we assume the origin of the frame is used as the reference point:
Ap_Aay, i
LM gk by fid e of Ledy &

"IPWSTM" ©VpT vk (QTP,) — My = by, +%w XA@AB
s JAY

o expess 7}17;1“ = Ay, +TwXP
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Example of Twist |
e Example |1 whet’ Lhe 4uhst 5 dhe <})3M‘li5 —h,Y?

Clws(_ {AS"?\mme: Ap=(o
)

”‘M,f("w ’ A"”A*Eﬂ: { 5:: } ﬂv%fszo.#]:[z

k)
o

Cl\nbd r{mna iB) MATMM(.*WL
B _m To P 5*% '\‘%Ih
'pr —[ W o A ) X@)

?
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Example of Twist Il

} >
® Example II: what s Hhe syw / b%w SVas =V 45 T g
Cor voltes st v uikh  onuler gploce, w - 9 +[,’,’]x (-+1)

O

0
0
bu 2 LD
b\/m: = = | Vi, = e 4 b x (0 Moy
LV‘L 29 $ wily
vy AP enr
) \ {b}

f ] _
2 - o+ [‘o}}( [;ﬁ\k
\V‘_ % 9

") ] Ff}

Ve o veleci vulehie &, Ea L
ats wih The Ty © Sy = (2,-1,0) by = (2, —1.4, 0),%:2 rad/a

By = .

} W2 5] E]
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Change Reference Frame for Twist (1/2)

® Given a twist V, let 4V and BV be their coordinates in frames {A} and {B}
L S, VY

A By
AV:l:A_’l']é:|7 BV:{(@] l\/p "Vs

® They are related by 4V = AXpEV

w
»
~bpe e N
Olw="Rw \ o
{83
@ u‘\,-lo{xnﬂt— ’E\Wt" Cj—fg;) .

VB + velodty o Lrdy el gt ciarently oincides with 3 et
V,b: - - ~ . R _ - M}Lb‘[lﬁ]b
chouse (A3 4= 0qress physics Ny = o, 4 xh(aﬂ?*)
= R, +AREW K (Vs )
ZPR Mo+ PO x Ry
= "Ri" Vo, + 05\ Ry w0 =

Rigid Body Velocity (Twist) Advanced Control for Robotics Wei Zhang (SUSTech) 22 /31
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d

Change Reference Frame for Twist (2/2

33
@ -k - P _ Rg D Sw x|
A
@j MA m{*«g’, g | | B |31
N px1 s Awist
bx} o math® QQP
f‘: AX > chﬂﬂd‘ ,j- c,ﬂ[ af . ,.H"' A2 /A
5 p{bjﬁl"ﬁ' 2n ]L b o= CP&,‘V,D
e |f configuration {B} in {A} is T = (R, p), then
e a| R O
Xp = [Adr] = [ IR R]

ADLSq'.w‘C ﬂwf .
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Example | Revisited



Outline

. . . olirgction
e Geometric Aspect of Twist: Screw Motion VA

- plc‘ll," "\’\tﬁ-\f\ va(-ﬁ*z»a ve%z / ; AV Q.[\\Il\ (‘St‘l{ﬂbr‘
- ij{pw \fdocﬂa Dol w= Qé,_é'a sCasonr SF(* .

divectin

- T;Jn,{ L,oelv() vz(“""’o: ')/:[:‘] E Divucon - e

Screw Motion Advanced Control for Robotics Wei Zhang (SUSTech)
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Screw Motion: Definition

® Rotating about an axis while also translating along the axis

S

b/
/

Jh = pitch =
linear speed/angular speed

scawmdtin : (4,8 4, 8)

® Represented by screw axis {q, §, h} and rotation speed 6
- §: unit vector in the direction of the rotation axis

- q: any point on the rotation axis

- h: screw pitch which defines the ratio of the linear velocity along the screw axis
to the angular velocity about the screw axis

® Theorem (Chasles): Every rigid body motion can be realized by a screw
motion.

Screw Motion Advanced Control for Robotics Wei Zhang (SUSTech) 26 /31























































































































From Screw Motion to Twist : soew mofim 5 4 speieal ”'5"“,,,??
[£47]

® Consider a rigid body under a screw motion with screw axis {$, h, ¢} and

(rotation) speed 6 2

® Fix a reference frame {A} with origin 04. {‘Lﬂ;‘ jlj;\{

® Find the twist 4V = (4w, “v,,) sty frae it
A~~~ “ Coorthianty siVlﬂ ol 7

N
Fu=Ftsp j,,,ITfTM?;.L 7. W‘U 7 as “fu*
'_A./\ s *wa(f") -
=¥ ho 1 Vp= Vet wx (4f)
{AY ) i
As(hv) Heyx ‘{ NWA \/.L+ wy (400
= ("ah - *4) b okt wx (47
® Result: given screw axis {3, h, ¢} with rotation speed 0, the corresponding
twist V = (w, v) is given by

< N
- B . Aé 51_{”" PRaL]

- The result holds as long as all the vectors and the twist are represe i
same reference frame ﬁ‘v CorwTo Twtst (S0, 9, B) rzﬂ;ﬂ/‘#(s 4‘{ bot) g
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From Twist to Screw Motion

® The converse is true as well: given any twistl ) = (w, v))we can always find

the corresponding screw motion {q, §,h} and 6
- If w =0, then it is a pure translation (h = c0)

@ =|v||,h=o00,q can be arbitrary

w0
§_ w H—HWH q_UJX’U UJTU
lwll’ ’ flwll?” flwll

>l

yow CAn !P)va wt the qm‘h 4 mfﬂ the yg_;,,,ﬁ-.
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Examples: Screw Axis and Twist

® What is the twist that corresponds to
rotating about Zp with 6 = 27

. chovse {A3 ~Frun~(,.
&'S‘:v%,:[” , %( } h= 0,021 [y T
e[

. A
ko, = *eho —fwr = 0 - EM

4

Ba

l
W .(/C 3)
® What is the screw axis for twist V = (0,2, 2,4,0,0)? ﬁ 12
~ (%)
Sz —— ,
B

. wryv
0=8, 9= Tun ke
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Screw Representation of a Twist

® Recall: an angular velocity vector w can be viewed as &8, where & is the unit
rotation axis and 0 is the rate of rotation about that axis

T

® Similarly, a twist (spatial velocity) V can be interpreted in terms of a screw
axis S and a velocity 8 about the screw axis

A é,;{
V= &4 €'z Srwlelust (500, 52D
< — . .
® Consider a rigid body motion along a screw axis & = {3, h, ¢} with speed 6.
With slight abuse of notation, we will often write its twist as

V=380 ~
T S (3.h), 6=

- In this notation, we think of S as the twist associated with a unit speed motion
along the screw axis {3, h, q}
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